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Abstract: The constraints imposed on hydrodynamics by the structure of gauge and 
gravitational anomalies are studied in two dimensions. By explicit integration of the consis- 
tent gravitational anomaly, we derive the equilibrium partition function at second deriva- 
tive order. This partition function is then used to compute the parity-violating part of the 
covariant energy-momentum tensor and the transport coefficients. 
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1 Introduction 

The recent studies of the role played by gauge anomalies in relativistic hydrodynamics have 
revealed unexpected modifications in the constitutive relations of the anomalous currents [1, 
2]. These give rise to parity violating macroscopic phenomena such as the chiral magnetic 
and chiral vortical effects [3, 4]. It has also been pointed out in [5] that the temperature 
corrections to the constitutive relations is related to the mixed gravitational anomaly. The 
guiding principle which usually has served to derive the form of constitutive relations is the 
principle of entropy increase. However, as some of the new parity odd transport coefficients 
have even signature under time reversal, they produce non-dissipative effects and do not 
contribute to entropy increase. Arguments based on the requirement of adiabaticity have 
just provided a better understanding of anomaly induced effects [6, 7], and they have helped 
as well to make progress in the classification of the corrections in the derivative expansion 
to second order fluids dynamics [8]. 

Very recently, it has been argued that it is possible to find all the corrections to the 
constitutive relations without dissipative coefficients from the knowledge of the equilibrium 
thermodynamics [9, 10]. This has been checked in various examples [9-12] where the form 
of the partition function is determined by general arguments of gauge and diffeomorphism 
invar iance. 

In this note we consider the inclusion of the effects of the gravitational anomaly on 
the hydrodynamics in 1+1 dimensions, about which little is know. Previous studies of the 
effects of pure gravitational anomalies have focused on the connection of these effects with 
viscoelastic and thermal transport phenomena in topological insulators [13, 14]. Here, our 
interest is rather in the implications of gravitational anomalies in a relativistic setting, 
where a theory of chiral fermions is put in an external gravitational field. Specifically, we 
will construct an anomalous partition function in a curved manifold, and by following the 
methods of [9, 10] derive the anomaly induced constitutive relations. Our main finding is 
a novel term of second order in the derivatives of the velocity fluid which, in the Landau 
frame, shows up in the constitutive relation for current density. 
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The approach that we have followed for the computation of the partition function is 
based on the integration of the formula for the consistent gravitational anomaly in the 
special case of a time-independent background. As shown in section 2, in such a case 
the integration yields a local functional depending on the gravitational sources, but since 
the consistent anomaly is not generally covariant, the quantities obtained by functional 
differentiation with respect to the external sources do not transform like a tensor. As it is 
well known, the addition of a specific term known as Bardeen's polynomial [15] produces 
an energy- momentum tensor that is generally covariant, although no longer derivable from 
a partition function. 

With the partition function at hand, we apply the systematic method presented in 
[9, 10] for constraining the constitutive relations of hydrodynamics. It is worth mentioning 
that the necessity to shift from consistent to covariant currents is not peculiar to the 
gravitational it already shows up in [9—11], where only the role of gauge anomalies 

is considered 1 . Finally, in section 3 the covariant energy-momentum tensor is used to derive 
the modifications of the constitutive relations which follow from the gravitational anomaly. 



2 The gravitational anomaly and its contribution to the partition func- 
tion 

In two dimensions the most general static metric and gauge field which are preserved by 
the Killing vector dt may be written as 

ds 2 = -e 2 ^ x) (dt + ai (x)dx) 2 + gudx 2 , 
A = Ao(x)dt + Ai{x)dx. 

We are interested in discussing the role of the gravitational anomaly in the hydrodynam- 
ics of a chiral charged fluid. The anomalous conservation law for the consistent energy- 
momentum tensor is [15, 17] 

= De^d a d 1 T 5p a gP\ (2.2) 

where e 01 = ~j= = ( eCT \/ffii) ; an d the coefficient D is ±l/(967r) for a Weyl fermion. The 
fact that this tensor is constructed from the variation of a functional action W constrains 
the form of the anomalous divergence through a consistency condition which follows from 
the commutation relations between infinitesimal coordinate transformations [15]. Such a 
transformation is specified by infinitesimal parameters ^(x), and may be decomposed into 
two parts when acting on non-tensorial quantities, <5g = + 5^. For instance, by using 
matrix notation for the vielbein and the connection, (E)^ a = e^, (Tx)^ = I\ ^ these 
transform as [15] 

5 £ E = C £ E - AE, 

4 4 (2.3) 

^r A = £ 5 r A + [r A ,A], 

For a careful discussion of the distinction between the role played of consistent and covariant currents, 
see also [16]. 
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where £g is the Lie derivative and A is the matrix (A)^ = —d^ v . This A may be viewed 
as the matrix specifying a gauge transformation on the connection. It is possible to express 
the effective action W by introducing a set of fields H which transform non-linearly under 
the gauge part (5a for the connection in (2.3). These fields H are given in terms of the 
vielbein by the matrix relation e H = E. Therefore, the effective anomalous action is given 
by [15, 18] 



^anom 



[H,T] = D J d 2 x^ j\sTx (Hd p T x ( S y x ^ , (2.4) 



where 



r A (a) = e- sH T x e sH + e~ sH d x e sH . (2.5) 



For the background metric (2.1) the integration over s may be explicitly performed. 
The result is expressed, remarkably, as a local functional of the metric fields a(x),ai(x), 
gn(x) and their derivatives up to second order 

W® m = j dt j dxP„, (2.6) 

where the integrand turns out to be 

1 1 „ e 2 °a x a" 



=-P a nom = - 7 ~ =r (ln^n - 2a) 



i anom — _ / _ , \ 

D yf=g 2g u (c - y/gE) 

e 2 °a x (g' u a' - 2 9ll a' 2 ) 



+ 



Hi i ea - Von) (2.7) 

x [e CT (2 - ln 5ll + 2a) + 2y/gE(-l + ln 5ll - 2a)] 



+ 3/2 e r° 1<7 7 [ 2e " + Vm(-2 + In <7ii - 2a)} . 

20ii (e CT - y/gn) 

This locality of the anomalous effective action has also been found in [6, 7, 10, 11], where 
consistent static currents were derived from a local contribution to the partition function. 
From a diagrammatic point of view, the origin of the locality in the static case can be traced 
to the fact that restricting the amplitudes to zero frequency turns the rational dependence 
on the external momenta into a polynomial one. 

Since at thermal equilibrium with inverse temperature (3q the euclidean vacuum func- 
tional W is related with the thermodynamic potential Q, through W = — [}q£1, it follows 
that the function P a nom represents an anomalous contribution to the pressure. Following 
the notation in [10], we write the anomalous contribution to the partition function as 

^inom = Y j dX P ~ = (2 ' 8) 

The components of the consistent energy-momentum tensor are easily obtained by func- 
tional differentiation 

2T Q 5W 2 5tt , nn . 

T = -7=^ 7^ = —r=j rv 2.9 

V~9 og^ [x) yj-g og^ (x) 
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yielding the following simple expressions 



T e 2 °5W e 3 ^ , „, 

Too = T^^T = {- a i9u + 5n«i ) , (2-10) 

v 9 a g u 

Tq1 = 7=1 = D ^ {9 ' lia ' ~ 2911(7/2 ~ 9lia,/) ' (2 ' n) 

= 7^^ = "^ aiCJ - (2 ' 12) 

We have computed the components that, according to [10], should be invariant under 
Kaluza-Klein gauge transformations. These transformations are redefinitions of time, t — > 
t' = t + (j)(x), without change in the spatial coordinate, that preserve the form of the 
metric if a\ transforms as 5a\ = —<f)'. As discussed in [10], the invariant combinations of 
the components of a tensorial quantity V^ v correspond to the purely spatial indices V 11 , 
the lower temporal indices Voo, and V l . Clearly, the above components Too and T 11 do not 
satisfy this property because of their specific dependence on the derivatives of a\. 

This can be traced to the fact that, under a spatial diffeomorphism, the consistent 
components that we have computed do not transform as tensorial quantities. Fortunately, 
there is a covariant modification T^ v which may be obtained through a shift Y^ v of the 
original combination [15], 

_ J,fj,u _j_ ypv (2.13) 

This is called the covariant energy-momentum tensor and its divergence will also be co- 
variant. It is given by [15, 17] 

V M f^ = -De u Pd p R, (2.14) 

where R is the scalar curvature, 

R = 4" (sii^ " 2W 2 - 2g u a") . (2.15) 
011 

It is possible to show that, in general, Y^ u must be a symmetric local quantity depending 
on second derivatives of the metric [15] . For our background metric we find 

= ^72 K Wn + 2e 2CT aV) - ffilKi " W 2 + 2a x a")] , (2.16) 
U 9i[ 

ly 01 = ^ [-2e 2 °a x aW - 2g n a' 2 + g n *") , (2.17) 
9 11 

ly" = %aW- (2.18) 
011 
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With these results at hand, we finally obtain the anomalous covariant energy-momentum 
tensor. Their components are given by 



l_ r00 = 2e^ai {g>/ _ ^ = ^ ^ 
9n 

^ = -tL - 2gil a") , ifo 1 = { g > n o> - 2 9ll a") , (2.20) 

f 11 = 0. (2.21) 

The gauge invariance of T^ u with respect to Kaluza-Klein gauge transformations, ab- 
sent in (2.10) and (2.12), is now manifest. It is also worthwhile checking the tensorial 
character of T^ u . Under a diffeomorphism generated by £^ = (0,^(x)) the Lie derivative 
of the metric with respect to £ produces the changes 

S„(x) = £(x)a'(x), (2.22) 
6<n(x) = £(a>i(cc) + ^(x)ai(s), (2.23) 
5g n (x) =i(x)g' ll +2i'(x)g ll , (2.24) 

which may be used to compute the induced change 5T flu (x). The calculation of these com- 
ponents using the above rules shows that 5T fJjU (x) precisely coincides with the expression 
for C^T^ U . This provides a non-trivial check of the whole computation because, in prin- 
ciple, 6T fJ,l/ (x) receives contributions proportional to £"(x) which cancel out in the final 
result. 

In order to complete the description of an anomalous charged fluid, we must also 
include the effects of the gauge anomaly, which already show up at zero derivative order. 
The consequences of the gauge anomaly on the hydrodynamics in 1+1 dimensions have 
been studied in [11, 19]. The most general partition function which encodes the effect of 
the gauge anomaly at zero order in the derivative expansion takes the form [11] 

W {0) = W^ m + Wfi =-^rjA (A 1 - Aai) dx - C 2 T J aids, (2.25) 

where C is the coefficient in the consistent anomaly, V^J^ = Ce^ u d^A u , and C2 is an 
arbitrary coefficient. Hence winom + VFinom encompasses the effects of the anomalies in 
the background (2.1). This action produces the consistent current 

y/-g oA/j, 

that, when shifted by Ce^Ax, yields the gauge covariant current 

> = + Ce^Ax, V M > = Ce^F^. (2.27) 
Its components are given by [11] 

j = 0, J 1 = -2C——A . (2.28) 
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One immediate consequence of the addition of to is that now the non- 

conservation law for the consistent energy-momentum "tensor" adopts the form 

V M T^ = D e^ s d a d 7 T Sp a g pv + T va J a , (2.29) 

as follows from the behavior of the total functional W = + under diffeomor- 
phisms. Thus the conservation law for the covariant counterpart reads 

Vju 2> = _ D e »Pd pR + JF va J a . (2.30) 

By adding to (2.20) the zero order contribution which follows from (2.25), the parity odd 
part of the stress tensor reads 

Tq 1 = {CAl - T 2 C 2 ) + D^- (g' n a' - 2 9ll a") , (2.31) 

while the remaining Kaluza-Klein gauge invariant components Tqq and T 11 vanish. 



3 Anomaly induced transport coefficients in the Landau frame 

We now seek the form of the constitutive relations that arise from (2.28) and (2.31). At 
zero order in the derivative expansion, the time-independent equilibrium fluid fields in the 
background (2.1) are given by 

< = e- CT (l,0), 
T = Toe"' 7 , (3.1) 
(i = A e~ a , 

where \i denotes the chemical potential. Generally, as explained in [10] and [9], these 
quantities receive derivative corrections which can be expressed in terms of some specific 
combinations of covariant derivatives of the background data. Such combinations are non 
zero at equilibrium and can be determined from the knowledge of the partition function. 
The derivative terms of the constitutive relations that arise in this way are static suscep- 
tibilities rather than transport coefficients related to genuine irreversible processes. 

In 1+1 dimensions the velocity field may also receive corrections of zero order in the 
derivative expansion [11]. This is due to the existence of a non-zero independent vector 
field 

u£ = e^UKu = ( J==, — ^= ) , uko = 0, u l K = -^=, (3.2) 



which may be constructed by Hodge duality. On the other hand, the second order derivative 
contribution in (2.31) contains a quantity that may be written as the Laplacian on a with 
respect to the one-dimensional metric g\\ 

2 1 d ( , 1 da\ 



W = -^-r- Vm — T- = nT" {~9>' + 2911°") ■ (3-3) 
y/mdx V 5ii dxj 2gf 1 ' 
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If one considers an arbitrary normalized fluid velocity, this term is precisely the second 
order scalar (u^V p — u p V p )V p u p for u p = u^ K 

«V - u p K V p )V p u Kp = V 2 a. (3.4) 

Therefore, using (3.1) and (3.2), we can express the anomalous contributions (2.28) and 
(2.31) in terms of the fluid fields and their derivatives evaluated at equilibrium 

•^anorn = — 2C/X fi^, 

T^nom = [C2T 2 ~ <V + 2D(u P V' J - «"V)V M «p] {vPu" + U V V?) . 

These expressions are precisely the parity odd corrections to the constitutive relations. Note 
that they are expressed in the frame defined by the Killing direction of the metric (2.1) 
used to compute the anomalous thermodynamics. Together with the even contribution 
from the zero derivative partition function, they imply the following forms for the current 
and the energy-momentum tensor 

J = nu ^anom) ,„ „n 

T^ = eu^+pP^+T^ om , 

where P pu = g pv + u p u v and p, e, n are, respectively, the pressure, energy and charge 
densities which follow from the zero order partition function. 

In contrast, in 1+1 dimensions the tensor corrections to the perfect fluid part of the 
energy- momentum tensor necessarily vanish in the Landau frame 2 , so that all the mod- 
ifications to the constitutive relations appear in the current J p , and perhaps also in the 
pressure 

= nu p + yu p , 

(3.7) 

T** v = eu^u u + (p + Ap)P^ u . 

The transformation to this frame may be written as 

u p = Uj( cosh 7 + sinli7, (3-8) 

while the temperature and chemical potential will not receive corrections at linear order 
in the anomaly coefficients C, D and C2. Plugging this equation into (3.7) and comparing 
with (3.6) the parameter 7 may be determined. One finds 

7 = — !— \C 2 T 2 - Cp 2 + 2D(u p V p - u p VnV, L Up\ + second order corrections. (3.9) 
e + p 

This gives the anomaly induced coefficients of the constitutive relations in the Landau 
frame 

X = -C 2 ^- + C (*L - 2,) - 2D< U " VP ~ u ^ pUp 



'e + p \e + p ) e + p (3.10) 

Ap = 0. 

Note that there are also parity even contributions at two-derivative order which we 
have not computed. Without knowledge of the specific form of the second order partition 
function these corrections are undetermined. 



2 The three constraints AT^u v = 0, g^AT^ = 0, define a vanishing AT Ml/ . 
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4 Conclusion 



In this note we have computed, in 1+1 dimensions, the contribution of the gravitational 
anomaly to the partition function in the most general background with external sources 
consistent with thermodynamic equilibrium. The energy-momentum tensor at equilibrium 
has been evaluated as a variation of the partition function and then corrected by the 
appropriate term to make it generally covariant. By following the methods of [10] and [9], 
we have obtained the corresponding contribution to the constitutive relations without resort 
to the principle of entropy increase. The coefficient of the temperature correction does not 
seem to be determined by the anomaly coefficients, and it appears as an independent 
quantity. 

It would be interesting to perform a similar treatment in order to study the effects 
of the mixed gauge-gravitational anomalies in 3+1 dimensions up to third order in the 
derivative expansion. 
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